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Outline of the presentation

@ Alternating Kronig-Penney Hamiltonian
@ Generalized KP
@ Spectral properties of gkP
@ Spectral gaps of the aKP

© Approximation with finite range interactions
© Norm resolvent convergence of H. to —A,

@ Future directions
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Alternating Kronig-Penney Hamiltonian Generalized KP

Kronig-Penney (KP) Hamiltonian

1d crystal with point interactions = Kronig-Penney model

d2
HKP = —@ +0625(X— n)
nezZ

@ idealization of very-short-range, strong

interactions @
@ reasonably accurate approximation of

finite-range periodic models
@ depends only on the interaction X

strength « 1 2 3 4 5
@ exact analytic solution and fast

numerics
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Alternating Kronig-Penney Hamiltonian Generalized KP

Generalized KP (gKP) Hamiltonian

Generalized (two-species) Kronig-Penney model

d2
Hoy o, = e + o Z(S(X —n)+ az Zd(x —r—n), re(0,1)
neZ nez

oy |

k| k+1l K+2] K+3] K+4

Qo +
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Alternating Kronig-Penney Hamiltonian Generalized KP

Can be described in terms of boundary conditions on the lattice

2y =ZU(Z+k), re(0,1)

d2
_A()él,OQ,H - _@
¥ € HA(R\ Z,) N HY(R)
such that Vn € Z
P'(n") — ' (n7) = a1t(n)
V(0 +r)T) = ¢'((n+ K)7) = azib(n + k)

D(_Aoq,awi) =

Associated quadratic form

Qal,az,ﬂ[(pv ¢] = /RSO, 1/}/ dx + ag Zm¢(”) + a2 Z So(n + ’{) 2/)([7 + K’)

neZ neZ
D(Qal,az,ﬁ) = HI(R)
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

Bloch-Floquet transform

To (partially) diagonalize periodic Hamiltonians, use Bloch-Floquet trans-
form

@2

[2(R) —= [2(Z x |) —= (2(Z) ® L2(]) L[2(T) @ L3()

-~ .,

) = (U0) = o= (= )| = o= 1)

neZ

I =1[0,1] = unit cell
k = crystal /Bloch momentum

T = (—m, 7] = Brillouin zone
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

Fiber Hamiltonian

Identifying
2 dk .
L2(T)QL(1) = / Hy —, Hy = {u el? (R)|u(x+1)= e‘ku(x)}
(—m,7] 2T
we have

® dk
-1 k
U(_Aoq,az,ﬂ)u = /(_Wﬂr](_qu%az,n) g

where the fiber Hamiltonian —A%),,, . is

d2
k
~A =33
u e Hy s.t. u‘(oJ) € H?((0,1)\ {x}),
k ue C(R), andVneZ
:D(_Agxl),ag,m) = ( )

J(nt)—d'(n7) = agu(n)
d((n+r)T)=d(n+k)") =au(n+ k)
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

: k
Spectral properties of —A&}m,,{,

Spectral properties of —A&kl),%,{ determine the ones of —Ay, a,.x
g (7A(Oék1)’a2,'€)

* Theorem ([Yoshitomi (2006)])

—A(()ﬁ),ah,ﬂ has purely discrete spec-
trum for each k € (—m, 7]

D. Monaco (SISSA) Closed gaps for alternating Kronig-Penney 10/07/2015 8 /20



Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

: k
Spectral properties of —A&l),am

Spectral properties of —Agkl),az,,{ determine the ones of —Ay; o,k

g (_At(xkl),a27n)
Theorem ([Yoshitomi (2006)])
(k) (kK

° ° —Auay,k and —Aaha)z,,{ are antiuni-
tarily equivalent under ordinary com-
plex conjugation, whence in particu-
lar their eigenvalues are identical and
their eigenfunctions are complex con-

jugate
ok Jug: )

|

3

|

=

> |®
3
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

: k
Spectral properties of —A&JQM

Spectral properties of —A&kl),am determine the ones of —Ay, o,k

g <_Al()ék1)7012,ﬁ))
Theorem ([Yoshitomi (2006)])
E5(k) Denoting by E;(k), ¢ =1,2,..., the

{-th eigenvalue of —A(akl),az,n when
k € [0, x] (labelled in increasing or-
der), each map [0,7] > k — Ei(k)

Ex(k) is analytic on (0,7), continuous at

Eq(K) k =0 and k = w, monotone increas-
e ing for £ odd, and monotone decreas-

0 . T ing for { even )
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

: k
Spectral properties of —A&l),am

Spectral properties of —Agkl),az,,{ determine the ones of —Ay, o,k

g <_A¢(xk1),a2,ﬁ)

Theorem ([Yoshitomi (2006)])

All E¢(k)’s are non-degenerate when-
ever k € (0,7) and, because of (iii),
at most twice degenerate when k = 0
ork=m
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

: k
Spectral properties of —A&l),am

Spectral properties of —Agkl),az,,{ determine the ones of —Ay, o,k

g (_Aoq,az,ra)

Theorem ([Yoshitomi (2006)])

The spectrum o(—Qq,a0,k) Of
— Ao, is purely absolutely

K
\ continuous and has the structure

o(—Aoyaz U E,([0, x])
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

Spectral gaps

g (_Agxkl),ag,n)

(E¢(m), Ep41(m)) £ odd

G = (E0), Ea(0)) ¢ even

{-th spectral gap of —Aq; sk G, is closed

closed gap — conduction

Gj is open

open gap — insulation
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Alternating Kronig-Penney Hamiltonian Spectral properties of gKP

Characterization of gaps of —A,, 4, x

Theorem ([Yoshitomi (2006)])
Let —Aq; . be the gKP Hamiltonian and let Gy, { = 1,2,..., be the
gaps in its spectrum.
(i) If ag # —aq or k ¢ Q, then all gaps are open.
(i) If ap = —aq and 2k = m/n for two relatively prime integers m,n € N
such that m is not even, then

Gy = 0 forl e 2nN, Gy # (0 forf ¢ 2nN.

(i) If ap = —ay and 2k = m/n for two relatively prime integers m,n € N
such that m is even, then

G = 0 forl e nN, Gy # 0 fortl ¢ nN.
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

Alternating KP (aKP) Hamiltonian

We focus on the alternating Kronig-Penney model

d2
A, = *Aa,—a,1/2 - 7@ +az [6(X7 n) 76(X* 1/27 n)]’ a>0

neZ

[Nl
[Nl
Nlon
NI~
N[©

—
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

Gaps of aKP

The above Theorem of Yoshitomi gives

‘ The even gaps of —A are all closed.| The odd gaps of —A,, are all open.

Proof: analysis of discriminant of corresponding ODE and its monodromy
matrix (tedious)
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

Gaps of aKP

The above Theorem of Yoshitomi gives

‘ The even gaps of —A, are all closed.| The odd gaps of —A,, are all open.

Proof: analysis of discriminant of corresponding ODE and its monodromy
matrix (tedious)

Problem

Is the vanishing of all the gaps at the centre of the Brillouin zone in the
spectrum of —A,, an exceptional occurrence of the idealised model of delta-
interactions, or is it instead a structural property that is also present in some
approximating “physical” model of alternating periodic interactions of finite
(non-zero) range?

Example: Thomas effect
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

AGHK potential

Standard approximation: [Albeverio—Gesztesy—Hgegh-Krohn—Kirsch (1984)]

VAGHK () .— Z(_l)ng Vv (X — n/2) a0

e e
nez

Ve l'(R), [ V(x)dx =1 VACHK (x)
Theorem ([AGHK (1988)])

d? AGHK I+ llres
+V —— —A,

T J
Corollary
d? AGHK /
P —_ —Q/E T
“( sat Ve );?o"( Aa)

o’
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

Main result

d2
@ The even gaps of ~31e + VAGHK 3re not all closed!
X
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Alternating Kronig-Penney Hamiltonian Spectral gaps of the aKP

Main result

d2
@ The even gaps of 12 + VAGHK 3re not all closed!
X

Theorem ([Michelangeli-M., Anal. Math. Phys. (2015)])

It is always possible to modify each bump of VAHK by adding to it a small
correction, with the same support but with peak magnitude of order 1 in
g, in such a way that the resulting modified bump-like potential VACHK
has the following properties: for each €, all the gaps at the centre of the
Brillouin zone for the spectrum of —dd—; + VACHK vanish, and as ¢ — 0 the

2 = -
operator —517 + VgAGHK too converges to —/A,, in the norm resolvent sense.

V.
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Approximation with finite range interactions

Auxiliary result

Theorem ([Michelangeli-Zagordi (2009)])

Let V' be a continuous, real-valued potential with period 1. Then —% +V
has all even gaps closed if and only if

V(x) = v + W?(x) + W'(x)

for some constant vy € R and some C-function W such that
1
W<x+2>:—W(x) Vx € R.

If this is the case, then vo = [5 [V/(x) — W?(x)] dx and

W(x) = —i/XHé [V(y) — /01 V(t) dt] dy.

D. Monaco (SISSA) Closed gaps for alternating Kronig-Penney 10/07/2015



Approximation with finite range interactions

Approximating potential V.

Strategy: construct approximating potential V. = \7€AGHK in the form above

Pick f € CY(R) s

t. ()——1for
x < —1and f(x) =1 for
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Approximation with finite range interactions

Approximating potential V.

Strategy: construct approximating potential V. = VAGHK in the form above

For a fixed wy € R define we(x)
wo
we(x) =
X
wo f (—) —2e < x < 2¢, e
€ :

1 t
wo 25§x§§—2€, —2¢

—WE(X—%) 5—25§x§1—25
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Approximation with finite range interactions

Approximating potential V.

Strategy: construct approximating potential V. = \7€AGHK in the form above

W.(x)

wo +
Extend it by periodicity:
1
We(x) == we(y) 2 |1 2 12 |2 X

if x=y+ nforsomey€[-2¢1—
2¢]and n€ Z

| w
o1

+—wW
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Approximation with finite range interactions

Approximating potential V.

Strategy: construct approximating potential V. = \7€AGHK in the form above
Ve(x)
Set Wo/E

V.(x) = —Wg + Ws(x)2 + W.(x)
= VI (x) + e V()

—Wg |
VO (x)
””” e VO(x) e
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Approximation with finite range interactions

Structure of V.

n€eZ

1 X
UG =~ UV (%),

g 3

V() = U (x- 7).

neZ
1 X
U = U@ (2).

U@ (x) = Wg(fZ(X) —-1)
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Approximation with finite range interactions

Spectral gaps of VACHK

The result by Michelangeli-Zagordi gives that H. = —f—; + V. has all even
gaps closed
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Approximation with finite range interactions

Spectral gaps of VACHK

The result by Michelangeli-Zagordi gives that H. = —f—; + V. has all even
gaps closed

d2
On the contrary, the even gaps of e + VE_:AGHK are not all closed!
X

If that was the case

d
VEAGHK(X) — VégHK + WgAGHK(X)z + deEAGHK(X)

with

iWAGHK X :} VAGHK (1) _ \/AGHK (1 1 /9)) — /AGHK
dX € 2 g € €

— WASHK() = const = VASHK(x) =0 L
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Norm resolvent convergence of H. to —A,

Convergence H. — —A,

Theorem (Main result, rephrased)
Let wo = /2. Then
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Norm resolvent convergence of H. to —A,

Convergence H. — —A,,

Theorem (Main result, rephrased)
Let wo = /2. Then

d2 res
VLN

He = - dx? *)0

Proof
o H. = HAGHK | oy
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Norm resolvent convergence of H. to —A,

Convergence H. — —A,,

Theorem (Main result, rephrased)
Let wo = /2. Then

d? I les
HE - _ﬁ u V e—0 _Aa

o H. = HAGHK | oy
o HAGHK Iillres, A TAGHK (1988)]

e—0

V.
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Norm resolvent convergence of H. to —A,

Convergence H. — —A,,

Theorem (Main result, rephrased)
Let wo = /2. Then

d? I les
Cdx? tVe 5 e—0 "o B

o H. = HAGHK | oy
o HAGHK Iillres, A TAGHK (1988)]

e—0

H. =

o |V, ]| < ¢ llgllpn 18l (simple computation)

V.
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Norm resolvent convergence of H. to —A,

Convergence H. — —A,,

Theorem (Main result, rephrased)
Let wo = /2. Then

d? I les
HE - _ﬁ u V e—0 _Aa

Proof
o H. = HAGHK 4 -y
o HAGHK Iillres, A TAGHK (1988)]

e—0

V&, ]

@ I ||res Mellees, ) by [Reed-Simon | (1972)] -

V.

° < c [l@llg 1]l (simple computation)
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Future directions
Future directions

o Generalize the argument of Michelangeli-Zagordi to odd gaps (at
k = 7 in the Brillouin zone)

@ Obtain smooth, finite range approximants for all gkKP Hamiltonians
—Aq 00,5, recover Yoshitomi's results

@ Physical consequences: conduction in two-species 1d crystals
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