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Periodic Schrödinger operators via B-F Ergodic Laplacian Analogies

What is the aim of this talk?

The aim of this talk is to put in evidence the algebraic and hilbertian
analogies which emerge from the "diagonalization" via Bloch-Floquet
transform of prototypes of periodic Schrödinger operators and a
particular ergodic random Schrödinger operators, the ergodic Laplacian.
The analysis of these operators is referred to the determination of their
spectrum and spectrum type.
So we will describe the setting and the main results of the periodic and

random spectral problems of the latter operators separately and at the
end we will do a table of the algebraic and hilbertian analogies.
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Quantum dynamics in crystalline solids
crystalline solids

De�nition

A crystalline solid is a solid in which the �xed positions of the ionic cores
are periodic, i.e. are located on a lattice Γ, corresponding to the Bravais
lattice in physics,

Γ := {γ ∈ Rd : γ =
d∑

i=1

niγi for some nj ∈ Z},

where {γ1, . . . , γd} are �xed linearly independent vectors.

Let H := L2
(
Rd
)
. We introduce a unitary representation of Γ, given by

T : Γ→ U(H), γ 7→ Tγ ,

such that Tγψ(x) = ψ(x − γ), ψ ∈ H.
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Quantum dynamics in crystalline solids
Periodic Schrödinger operators

De�nition

A periodic Schrödinger operator HΓ w.r.t. Γ lattice is a selfadjont operator
HΓ : D (HΓ) ⊂ H→ H such that

[HΓ,Tγ ] = 0 for all γ ∈ Γ.

The prototypes of periodic Schrödinger operators are operators in the form

HΓ := −∆ + VΓ, acting in H, (1)

where the function VΓ is periodic w.r.t. Bravais lattice Γ ' Zd and
Kato-small respect to −∆,
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Quantum dynamics in crystalline solids
Bloch-Floquet transform

De�nition

For ψ ∈ C∞0
(
Rd
)
, one de�nes the (modi�ed) Bloch-Floquet transform

as
(UBFψ)(k , y) := CN

∑
γ∈Γ

e
−ik·(y−γ)ψ(y − γ)

[
ωγ := e

ik·γ
]

= CNe
−ik·y

∑
γ∈Γ

ωγTγψ(y), k ∈ R̂d , y ∈ Rd .

(2)
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Quantum dynamics in crystalline solids
Bloch-Floquet transform

One immediately reads the periodicity and pseudo-periodicity properties
respectively,

1 for any �xed k ∈ R̂d , (UBFψ)(k , ·) is a Γ-periodic function and can
thus be regarded as an element of Hf := L2

(
Td
y

)
, where Td

y the �at
torus Rd/Γ

2 introducing the dual lattice, w.r.t. the ordinary inner product, is

Γ∗ = {k ∈ R̂d : k · γ ∈ 2πZ, for all γ ∈ Γ}
and de�ning a unitary representation of the group Γ∗ , given by

ρ : Γ∗ → U(Hf ), λ 7→ ρ(λ), (ρ(λ)ϕ)(y) = e
iλ·yϕ(y).

we have the following equation,

(UBFψ)(k − λ, y) = ρ(λ)(UBFψ)(k , y) ∀λ ∈ Γ∗,

and rename this property ρ-equivariance.
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Quantum dynamics in crystalline solids
Bloch-Floquet transform

It is convenient to introduce the Hilbert space

Hρ :=
{
ϕ ∈ L2loc(R̂d ,Hf ) : ϕ(k − λ) = ρ(λ)ϕ(k) ∀λ ∈ Γ∗, q.o. k ∈ R̂d

}
,

Obviously, Hρ ' L2(Y ∗,Hf ) =
∫ ⊕
Y ∗ dkHf .

The map de�ned by (2) extends to a unitary operator

(ŨBFψ) : H→ Hρ '
∫ ⊕
Y ∗

dkHf , (3)
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Quantum dynamics in crystalline solids
trasformed the periodic Schrödinger operator via BF

Now we can transform the periodic Schrödinger operator introduced in (1)
by unitary operator ŨBF and obtain

ŨBFHΓŨ
−1
BF = ŨBF (−∆ + VΓ(x)) Ũ−1BF

=

∫ ⊕
Y ∗

dk H(k),
(4)

with �ber operator

H(k) = (−i∇y + k)2 + VΓ(y), k ∈ Y ∗,

acting on the k-independent domain D(−∆per ) := W 2,2(Td
y ). Each �ber

operator, H(k) is self-adjoint, has compact resolvent and thus pure point
spectrum accumulating at in�nity. Moreover, H(k) is ρ-covariant, i.e.

H(k + λ) = ρ(λ)−1H(k)ρ(λ) per ogniλ ∈ Γ∗, (5)

thus the eigenvalues of H(k) are Γ∗-periodic.
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Periodic Schrödinger operators via B-F Ergodic Laplacian Analogies

Ergodic Laplacian
ergodic group action and stationary function

Let be (Ω,F,P) a probability space.
Let be (Λ,+) a discrete group of Rd of maximal dimension, thus Λ ' Zd .

De�nition

A map τ : Λ→ Aut (Ω,F,P) is an ergodic group action if
1 τ is a group homomorphism;
2 τλ(A) = A for all λ ∈ Λ for some A ∈ F implies that P(A) ∈ {0, 1}.

De�nition

A measurable function f : Ω× Rd → C is called stationary if

f (τλ(ω), x) = f (ω, x + λ) a.s. in ω and a.e. in x for all λ ∈ Λ
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Ergodic Laplacian
stationary functions spaces

So we introduce stationary function spaces. Let Q :=
[
−1

2
, 1
2

)d ⊂ Rd ,
1

L2stat :=
{
f ∈ L2

(
Ω, L2loc

(
Rd
))
| f is stationary

}
, (6)

endowed with the scalar product

(f | g)L2stat = E
(

(f | g)L2(Q)

)
2

Hm
stat :=

{
f ∈ L2

(
Ω,Hm

loc

(
Rd
))
| f is stationary

}
, 1 ≤ m <∞,

(7)
endowed with the scalar product

(f | g)Hm
stat

= E
(

(f | g)Hm(Q)

)
,
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Ergodic Laplacian

We de�ne an operator which we call the ergodic Laplacian, which is

nothing but the usual Laplacian in the x variable acting on L2 (Ω× Q),
with stationary boundary conditions at the boundary of Q.

Let (A0 ,D(A0 )) be the operator on L2stat de�ned by{
D(A0 ) = L2stat ∩ L2(Ω,C 2(Rd ))

A0 f (ω, x) = −∆x f (ω, x) a.s. in ω e a.e. in x , for f ∈ D(A0 ).
(8)

One checks that,

(f | A0g)L2stat = E
(∫

Q

∇f (·, x) · ∇g(·, x)dx

)
= (∇f | ∇g)

(L2stat)
d
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Ergodic Laplacian

Thus, A0 is a symmetric, non-negative operator on L2stat with dense domain
D(A0 ).
We denote by −∆erg its Friedrichs extension and call the operator the
ergodic Laplacian

Proposition

The form domain of −∆erg

Q (−∆erg ) = H1
stat

and the domain of −∆erg

D (−∆erg ) = H2
stat .
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Periodic Schrödinger operators via B-F Ergodic Laplacian Analogies

Ergodic Laplacian

So we can justify the name of Ergodic Laplacian.
If an ergodic group action τ = { τλ }λ∈Zd exists, then −∆erg is ergodic in
the sense that it satis�es the following relation

∆erg (τλ(ω)) = U−1λ ∆erg (ω)Uλ for all λ ∈ Λ,

where

U : Λ→ O
(
L2loc(Rd )

)
, Uλf (x) = f (x − λ) a.e. ∀f ∈ L2loc(Rd ), ∀λ ∈ Λ.
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Periodic Schrödinger operators via B-F Ergodic Laplacian Analogies

Ergodic Laplacian

The features of the Ergodic Laplacian depend on what probability space
(Ω,F,P) we choose, so we analyze three di�erent cases
(1) if Ω is s.t. P(ω) > 0, ∀ω ∈ Ω and |Ω| ≤ |N|, then

If Ω = { ω1, . . . , ωn } ,

then σ(−∆erg ) = σdisc(−∆erg ) =

{(
2π
n

)2

| j |2, j ∈ Zd

}
;

If |Ω| = |N|, then there exists no ergodic group action of Zd on Ω.

(2) (Ω,F,P) = ([0, 1),B([0, 1)), λ),
τ : Z→ Aut (Ω,F,P) s.t. λ 7→ τλ, is de�ned as
τλ(ω) = ω + αλ− [ω + αλ] = mod(ω + αλ, 1), with α ∈ R, then

If α is irrational then,

σ(−∆erg ) = σess(−∆erg ) = [0,+∞);

If α is rational, then there exists no ergodic group action of Z on Ω.
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Ergodic Laplacian

(3) (Ω,F,P) =
(
{−1, 1}Z

d

, σ(Yi , i ∈ Zd ), pZ
d
)
,

where Yi (ω) = ωi is a sequence of real valued random variables and
p = p1δ1 + (1− p1)δ−1, with 0 < p1 < 1,
τ : Zd → Aut (Ω,F,P) s.t. λ 7→ τλ, is de�ned as τλ(ω) = ω·+λ, then

σ(−∆erg ) = σess(−∆erg ) = [0,+∞).
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A table of analogies between the periodic Schrödinger

operators via B-F and the ergodic Laplacian

periodic Schrödinger operators

via B-F

ergodic Laplacian

Hf := L2
(
Td
y

)
there exists no �ber Hilbert space

V := L2loc(R̂d ,Hf ) V := L2(Ω, L2loc(Rd ))

τ : Γ∗ ' Zd → Aut(R̂d , L̂, dk) τ : Λ ' Zd → Aut (Ω,F,P)
λ 7→ τλ, τλ(k) = k − λ λ 7→ τλ, τ ergodic group action
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A table of analogies between the periodic Schrödinger

operators via B-F and the ergodic Laplacian

periodic Schrödinger operators

via B-F

ergodic Laplacian

Let ϕ ∈ V , it is ρ-equivariant if Let ϕ ∈ V , it is stationary if
ϕ(τλ(k), y) = ρ(λ)ϕ(k , y), ∀λ ∈
Γ∗,

ϕ(τλ(ω), x) = T (λ)ϕ(ω, x), ∀λ ∈
Λ,

where ρ(λ) = e
iλ·y where T (λ)ϕ(ω, x) = ϕ(ω, x + λ)

Hρ := { ϕ ∈ V : ϕ is ρ-equivariant } Hstat := { ϕ ∈ V : ϕ is stationary }
Hρ ' L2(Q,Hf ) =

∫ ⊕
Q

dkHf , Hstat ' L2(Ω× Q),

where Q =
[
−1

2
, 1
2

)d ⊂ R̂d where Q =
[
−1

2
, 1
2

)d ⊂ Rd
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A table of analogies between the periodic Schrödinger

operators via B-F and the ergodic Laplacian

periodic Schrödinger operators

via B-F

ergodic Laplacian

Let A s-a on Hρ '
∫ ⊕
Q

dkHf , Let A s-a acting on Hstat ,
A =

∫
Q
dkA(k), A(k) s-a on Hf

A is ρ-covariant if, for all λ ∈ Γ∗, A is ergodic if, for all λ ∈ Λ

A(τλ(k)) = ρ(λ)A(k)ρ(λ)−1 A(τλ(ω)) = T (λ)A(k)T (λ)−1

ρ : Γ∗ ' Zd → U(Hf ) is a unitary
representation ⇒

T : Λ ' Zd → O(L2loc(Rd ))

∫ ⊕
Q

dkρ : Γ∗ → U
(∫ ⊕

Q
dkHf

)
is a

unitary representation

T : Λ ' Zd → U(Hstat) is a uni-
tary representation
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Thank you for the attention!
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