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What is the aim of this talk?

The aim of this talk is to put in evidence the algebraic and hilbertian
analogies which emerge from the "diagonalization" via Bloch-Floquet
transform of prototypes of periodic Schrddinger operators and a
particular ergodic random Schrddinger operators, the ergodic Laplacian.
The analysis of these operators is referred to the determination of their
spectrum and spectrum type.

So we will describe the setting and the main results of the periodic and
random spectral problems of the latter operators separately and at the
end we will do a table of the algebraic and hilbertian analogies.
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

crystalline solids

A crystalline solid is a solid in which the fixed positions of the ionic cores

are periodic, i.e. are located on a lattice I', corresponding to the Bravais
lattice in physics,

d
r={ye RY : v = Zn,-'y,- for some n; € Z},
i=1

where {71,...,74} are fixed linearly independent vectors.

Let 3 := L2 (Rd) . We introduce a unitary representation of I, given by
T:T =UH), v~ T,,

such that T,y (x) = ¥(x —7), ¥ € H.
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

Periodic Schrédinger operators

Definition

A periodic Schrodinger operator Hr w.r.t. [ lattice is a selfadjont operator
Hr: D (Hr) C 3 — H such that

[Hr, T,] =0 forallyel.

The prototypes of periodic Schrddinger operators are operators in the form
Hr := —A + Vi, acting in X, (1)

where the function Vf is periodic w.r.t. Bravais lattice I ~ Z9 and
Kato-small respect to —A,
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

Bloch-Floquet transform

For 1) € C5° (R?), one defines the (modified) Bloch-Floquet transform

as
(Uset)(k,y) = Cn Y e 0 Mgp(y — )

yer
[ww = eik”] (2)

= Cne ™ > "w, Ty(y), keRYyeR7
yer
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

Bloch-Floquet transform

One immediately reads the periodicity and pseudo-periodicity properties
respectively,
Q for any fixed k € R?, (Ugrt))(k,-) is a M-periodic function and can
thus be regarded as an element of 3 := L% (T9), where T¢ the flat
torus RY/T
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

Bloch-Floquet transform

One immediately reads the periodicity and pseudo-periodicity properties
respectively,

Q for any fixed k € R?, (Ugrt))(k,-) is a M-periodic function and can
thus be regarded as an element of 3 := L% (T9), where T¢ the flat
torus RY/T

@ introducing the dual lattice, w.r.t. the ordinary inner product, is

M ={keR?: k-vye2rZ, forally €T}
and defining a unitary representation of the group '™ , given by

P = UHe), A p(A),  (p(N@)(y) = e e(y).
we have the following equation,

(Usrp)(k — A, y) = p(A)(Useyp)(k,y) VA €T,

and rename this property p-equivariance.
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids
Bloch-Floquet transform

It is convenient to introduce the Hilbert space
3 1= { ¢ € Loe(RE,37) 1 ok = A) = p\)p(K) WA € T, g0, ke Y |,

Obviously, , = L2(Y* , H¢) = [vn dk s,
The map defined by (2) extends to a unitary operator

. @D
(Usrty): H — H, ~ |, dk3ty, (3)
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

trasformed the periodic Schrédinger operator via BF

Now we can transform the periodic Schrodinger operator introduced in (1)
by unitary operator Ugg and obtain

DBFHFUE:- = DBF (—=A + Vr(x)) UBI}'
® (4)
:/ dk H(k),

*
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Periodic Schrédinger operators via B-F

Quantum dynamics in crystalline solids

trasformed the periodic Schrédinger operator via BF

Now we can transform the periodic Schrodinger operator introduced in (1)
by unitary operator Ugg and obtain

DBFHFUE:- = DBF (—=A + Vr(x)) UBI}'
® (4)
:/ dk H(k),

*

with fiber operator
H(k) = (=iVy + k)* + Vi (y), ke Y™,
acting on the k-independent domain D(—Ape,) 1= W2’2(’]I‘§f). Each fiber
operator, H(k) is self-adjoint, has compact resolvent and thus pure point
spectrum accumulating at infinity. Moreover, H(k) is p-covariant, i.e.
H(k +X) = p(\)TH(k)p(\)  per ogni A € T*, (5)

thus the eigenvalues of H(k) are *-periodic.
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Ergodic Laplacian

Ergodic Laplacian

ergodic group action and stationary function

Let be (2, F,P) a probability space.
Let be (A, +) a discrete group of R? of maximal dimension, thus A ~ Z7.

A map 7: A — Aut(Q,F,P) is an ergodic group action if

© 7 is a group homomorphism;
Q@ 7\(A)=A forall A €A for some A € F implies that P(A) € {0,1}.
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Ergodic Laplacian

Ergodic Laplacian

ergodic group action and stationary function

Let be (2, F,P) a probability space.

Let be (A, +) a discrete group of R? of maximal dimension, thus A ~ Z7.

A map 7: A — Aut(Q,F,P) is an ergodic group action if

© 7 is a group homomorphism;

Q@ 7\(A)=A forall A €A for some A € F implies that P(A) € {0,1}.

A measurable function f: Q x R — C is called stationary if

f(ma(w), x) = flw,x + A)

a.s. inw and a.e. inx forall A €A
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Ergodic Laplacian

Ergodic Laplacian

stationary functions spaces

So we introduce stationary function spaces. Let @ := [—1, %)d C RY,
o
12, = { fel? (Q, 12 (Rd)> | f is stationary } . (6)

endowed with the scalar product

(flg)z, =E ((f | g)Lz(o))
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Ergodic Laplacian

Ergodic Laplacian

stationary functions spaces

. . . d
So we introduce stationary function spaces. Let Q := [—3,3)" C R¢,

o
12, = { fel? (Q, 12 (Rd)> | f is stationary } . (6)
endowed with the scalar product
(Fle)ez,, =E((Fl8)ix0))
o

HE, = { fel? (Q, Hp- (Rd>) | f is stationary }, 1<m< oo,
(7)

endowed with the scalar product

(F 1 &), =E ((F | tm(a)) -

stat
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Ergodic Laplacian

Ergodic Laplacian

We define an operator which we call the ergodic Laplacian, which is
nothing but the usual Laplacian in the x variable acting on L2 (2 x Q),
with stationary boundary conditions at the boundary of Q.

Let (Ag, D(Ap)) be the operator on L2, defined by

@(Ag) - Lgtat N L2(Q7 C2(Rd)) (8)
Apf(w,x) = —Axf(w,x) as. inw e a.e. in x, for f € D(Ap).

One checks that,

(F | Aog)is,, =B ( [ FFCR)-Valohix ) = (VF | Vi) s
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Ergodic Laplacian

Ergodic Laplacian

Thus, Ap is a symmetric, non-negative operator on L2, with dense domain
D(Ap).
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Ergodic Laplacian

Ergodic Laplacian

Thus, Ap is a symmetric, non-negative operator on L2, with dense domain
D(Ap).

We denote by —Ae,, its Friedrichs extension and call the operator the
ergodic Laplacian

Proposition

The form domain of —Aerg

Q (_Aerg) = Hsltat

and the domain of —Aerg

D (—Aerg) = H2

stat
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Ergodic Laplacian

Ergodic Laplacian

So we can justify the name of Ergodic Laplacian.
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Ergodic Laplacian

Ergodic Laplacian

So we can justify the name of Ergodic Laplacian.
If an ergodic group action 7 = { 7\ },cza exists, then —Ag is ergodic in
the sense that it satisfies the following relation

Derg(TA(w)) = Uy P Aerg(w) Uy for all X € A,
where

U:h—0 (L%OC(RC’)) . Unf(x) = f(x — \) a.e. VF € [2_(RY), VA € A.

loc
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Ergodic Laplacian

Ergodic Laplacian

The features of the Ergodic Laplacian depend on what probability space
(Q,F,P) we choose, so we analyze three different cases
(1) if Qiss.t. P(w) > 0,Vw € Q and || < |N]|, then

fQ={wi,...,wn},

om\?, . .
then U(_Aerg) = O'disc(_Aerg) = { <n> |J |27 J € z4 } :

If |Q| = |N|, then there exists no ergodic group action of Z¢ on Q.
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Ergodic Laplacian

Ergodic Laplacian

The features of the Ergodic Laplacian depend on what probability space
(Q,F,P) we choose, so we analyze three different cases

(1) if Qiss.t. P(w) > 0,Vw € Q and || < |N]|, then

fQ={wi,...,wn},

or\? . .
then U(_Aerg) = O'disc(_Aerg) = { <n> |J |27 J € z4 } :
If |Q] = |NJ|, then there exists no ergodic group action of Z% on Q.
(2) (2,5,P) = ([0,1), B([0,1)), A),
T: 7 — Aut(Q,F,P) s.t. A+ 7, is defined as
Ta(w) = w+ aX — [w + aA] = mod(w + aA, 1), with a € R, then

If o is irrational then,

U(*Aerg) = Uess(*Aerg) = [0, +OO);

If «v is rational, then there exists no ergodic group action of Z on Q.
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Ergodic Laplacian

Ergodic Laplacian

(3) (Q,5,P) = ({_1, 1 (Vi€ zd),pZ"),
where Yj(w) = w; is a sequence of real valued random variables and
p= p151 + (1 — p1)(5_1, with 0 < p1 <1,
7: 29 = Aut(Q,F,P) s.t. X\ 7y, is defined as 7y (w) = w.yy, then

U(—Aerg) = Uess(—Aerg) = [O,—i—OO).
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Analogies

A table of analogies between the periodic Schrédinger

operators via B-F and the ergodic Laplacian

periodic Schrédinger operators
via B-F

ergodic Laplacian

Hy = 12 (']I‘f,’) there exists no fiber Hilbert space
V=12 (RY,3) V= 12(Q, L3 (RY))

7o~ 79 — Aut(RY, £, dk)
)\i—>7',\, T)\(k)Zk—)\

TN~ 79 — Aut(Q,T,P)
A — Ty, T ergodic group action
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Analogies

A table of analogies between the periodic Schrédinger

operators via B-F and the ergodic Laplacian

periodic Schrédinger operators
via B-F

ergodic Laplacian

Let ¢ € V, it is p-equivariant if
o(ra(k),y) = p(N)e(k,y), VA €

Let ¢ € V, it is stationary if
(rr (@), %) = T(\plw, %), VA €
A,

where T(A)p(w, x) = @o(w, x + )

{¢ € V :@is pequivariant }
o~ L2(Q, Hy) = [o dk Hy,
where Q = [—3, %)d c R4
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Analogies

A table of analogies between the periodic Schrédinger

operators via B-F and the ergodic Laplacian

periodic Schrédinger operators | ergodic Laplacian
via B-F

Let As-aon H, ~ fga dk Hrp, Let A s-a acting on Hst,
A= [odkA(k), A(k) s-a on ¢
Ais p-covariant if, for all A € T'*, | A is ergodic if, for all A € A

A(ma(k)) = pP(NAK)p(N) A(ma(w)) = TWAK) T

p: T* =~ Z9 — W(Hs) is a unitary | T: A~2Z9 — O(L3 (RY))
representation =
Jg dkp: T U (fg akdr) is a | ToA = 29 = U(3tar) is a uni-
unitary representation tary representation

G. Marcelli (La Sapienza) TQMS 19 / 20



ic Schrédinger operators via B-F Ergodic Laplacian Analogies

Main References

o G. Panati, A. Pisante, Bloch Bundles, Marzari-Vanderbilt Functional
and Maximally Localized Wannier Functions, Commun. Math. Phys
2013.

o S. Lahbabi with supervisors M. Lewin, E. Cancés, Mathematical study
of quantum and classical models for random materials in the atomic
scale, Phd Thesis in Mathematics at University of Cergy-Pontoise
2013.

e P. Stollman, Caught by disorder, Birkhduser 2001.

G. Marcelli (La Sapienza) TQMS 20 / 20



Periodic Schrédinger operators via B-F Ergodic Laplacian Analogies

Main References

o G. Panati, A. Pisante, Bloch Bundles, Marzari-Vanderbilt Functional
and Maximally Localized Wannier Functions, Commun. Math. Phys
2013.

o S. Lahbabi with supervisors M. Lewin, E. Cancés, Mathematical study
of quantum and classical models for random materials in the atomic
scale, Phd Thesis in Mathematics at University of Cergy-Pontoise
2013.

e P. Stollman, Caught by disorder, Birkhduser 2001.

Thank you for the attention!
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