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Introduction Explicit Construction

Fermionic C

Bosonic C

Zero-Range Interaction

System of three particles interacting via zero-range two-body interactions.
Formally

1
H=- Z 5B 2 0(xi = X))

3
i=1 ! i<j

where x; € R3, X = (x1,%2,x3) € R? and vij € R.
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System of three particles interacting via zero-range two-body interactions
Formally
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H=- Z 5B 2 0(xi = X))

3
=1 <" i<j

1

where x; € R3, X = (x1,%2,x3) € R? and vij € R.

Motivations

@ Nuclear Physics

o Ultra-Cold Quantum Gases

Giulia Basti (La Sapienza) 3

3-body tems with

interactions TQMS 2015 3/ 15



Introduction Explicit Construction

Fermionic Case

Zero-Range Interaction

System of three particles interacting via zero-range two-body interactions
Formally

1
H==> T > vid(xi = %))

3
i=1 i<j

where x; € R3, X = (x1,%2,x3) € R? and vij € R.

Motivations

@ Nuclear Physics

o Ultra-Cold Quantum Gases

We look for a rigorous definition: self-adjoint operator (crucial to define

the dynamics), possibly bounded from below (in order to ensure the
stability of the system).
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Introduction

Rigorous Definition

Note that

H1) = Ho1p if 1) vanishes on each hyperplane {x; = x;}
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Rigorous Definition

Note that

H1) = Ho1p if 1) vanishes on each hyperplane {x; = x;}
So we consider
—_— 3 —_—
Ho=—5 > Aq  D(Ho) = G°(R\Ufxi = x})
=1 i<j

symmetric but not self-adjoint.
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Rigorous Definition

Note that

H1) = Ho1p if 1) vanishes on each hyperplane {x; = x;}
So we consider
Ho=—5—3 A  D(Ho) = (RN J{xi = x;})
i=1 i<j

symmetric but not self-adjoint.

= by definition any self-adjoint extension of 770, different from Hpo, i

Hamiltonian for a system of three particles in R3 with zero-range
interactions.

The problem is to give an explicit construction.
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Introduction Explicit Construction Fermionic Case

Rigorous Definition

Note that
H1) = Ho1p if 1) vanishes on each hyperplane {x; = x;}

So we consider

Ho=—5 -3 By D(Ho) = (R U{x = x})

i=1 i<j

symmetric but not self-adjoint.

= by definition any self-adjoint extension of 770, different from Ho, is a
Hamiltonian for a system of three particles in R3 with zero-range
interactions.

The problem is to give an explicit construction.

= We proceed by analogy with the well known two-body case.
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STM Extensions

STM extensions H 5 of 7—~lo :

Hatp = Hop  if x; # xj
and ¢ € D(H,) satisfies the boundary conditions

1 1
0 xi—x| 50 ( a a) Qij(ry,xk) +o(1), 1=
i—Xj

xi — xj]

miXj + mjX;
mj; + mj
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Introduction Explicit Construction

STM Extensions

Fermionic Case Bosonic

STM extensions H 5 of 7—~lo :
Hatp = Hop  if x; # xj
and ) € D(H,) satisfies the boundary conditions
1 1 miX; + m;x;
Yoo e = ) Qlrgexi) Ho(1), = TR
[x;—x;[—0 ‘Xi —Xj’ a J( d ) ( ) U

m;—i—mj

In general H, is neither self-adjoint nor bounded from below and its s.a.

extensions are in general unbounded from below ( Thomas effect [FM],
[MeM]).
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Introduction Explicit Construction Fermionic Case Bosonic

STM Extensions

STM extensions H 5 of 7—~lo :

Hap = Hotr i xi £ %;
and ¢ € D(H,) satisfies the boundary conditions

1 1
Y im0 ( ) Qij(rij, xk) + o(1),

‘X;—Xj’ B a

rijp =
’ m; + m;

Case

miXj + mjX;

In general H, is neither self-adjoint nor bounded from below and its s.a.
extensions are in general unbounded from below ( Thomas effect [FM],

[MeM]).

We show s.a. and boundness from below for two systems using the

quadratic form (a = o0):

Fll = (¢, Hy)  for any ¢ € D(H)
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Introduction Explicit Construction Fermionic Case Bosonic

STM Extensions

STM extensions H 5 of 7—~lo :

Hath = Hotp  if xj # x;
and ¢ € D(H,) satisfies the boundary conditions
1 1
(R — — — | Qji(rij, xk) + o(1), rj =
‘X,‘—Xj|—)0

\x,-—xj]_a m,-—i—mj

Case

miX; + mjx;

In general H, is neither self-adjoint nor bounded from below and its s.a.

extensions are in general unbounded from below ( Thomas effect [FM],
[MeM]).

We show s.a. and boundness from below for two systems using the
quadratic form (a = o0):

Fll = (¢, Hy)  for any ¢ € D(H)

= If F is closed and bounded from below then # is self-adjoint and
bounded from below.
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Introduction Explicit Construction Fermionic Case Bosonic Case

The Potential Produced by Qj

Let us introduce the “potential” produced by the “charges” Qj;:

1 x.p Qii(Pi >
(GQ)(X) :;M/dpexpw

m,-mj

where ho(P) = 2m1 + 2m2 + 2m3 and pjj =

mi+m;*
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The Potential Produced by Qj

Let us introduce the “potential” produced by the “charges” Qj;:

1 x.p Qii(Pi >
(GQ)(X) :gw/dpexpw

m,-mj
mi+m;*

where ho(P) = 2m1 + 2m2 + 2m3 and pjj =

Properties

O HO(gQ)(X) =27 ZU //,LUQU(rU7Xk)5(XI' — XJ)
e (GQ)(X) = LX) _ (QQ);(ry, xi) + o(1) if |x; — x| — 0

[x;—x;]

12
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Introduction Explicit Construction Fermionic Case Bosonic Case

The Potential Produced by Qj

Let us introduce the “potential” produced by the “charges” Q;:

(gQ)(X) /dP IXPQI_/(pI +pjvpk)
l<j )i ho(P)
where hg(P) = 2,,,1 + 2m2 + 2m3 and 1 = mITji’mfilj'

Properties

O HO(gQ)(X) =27 ZU HLUQU(r,‘J‘,Xk)(S(X,' — XJ)
o (GQ)X) =~ LX) — (QQ)(ry,xk) + o(1) if [x; — x;[ = 0

Writing

12

v=w+GQ w smooth
the boundary conditions become

lim 0W(X) = (Q2Q)(rij, xk)-

|X,‘—Xj‘—>
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Explicit Construction

Quadratic Form

Defining D. = {X € R? : |x; — x;| > ¢} we have

(4, Hap) = lim / dX THot

= (w, How) + Iim/ dXGQ How
e—=0.J/p,
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Introduction Explicit Construction Fermionic Case

Quadratic Form

Defining D. = {X € R? : |x; — x;| > ¢} we have

() = fim | X 0w

= (w, How) + Iim/ dXGQ How
e—=0.J/p,

21 5 /L,'J'M Wi
_ i k2 Y 12
= (w, HOW)+,-§<J- - /dpdk|§l(k, p)| \/ o(m; » + i

1 ’ |
~ 2 o——2N /dpdkudk gu( lgp)é:(ku p)
T i Hjk 2;U N ﬁ ik, 2M

where &;(k,p) = Q;(™F™p — k, Tep + k) with M = 3, m;.
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Introduction Explicit Construction Fermionic Case Bosonic

2 Fermions + 1

Let us consider two identical fermions (e.g. 1 and 3) of mass m interacting
with a different particle (e.g. 2) of mass mo. Let v = ;™ the mass ratio.
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2 Fermions + 1

Let us consider two identical fermions (e.g. 1 and 3) of mass m interacting
with a different particle (e.g. 2) of mass mo. Let v = ;™ the mass ratio.

e Hilbert space: L2, (R°)

asym

e {13 =0 and &2 = —&23 = £ because of antisymmetry

Giulia Basti (La Sapienza) 3-body e /ith  interactions TQMS 2015 8/ 15



Introduction Explicit Construction

Fermionic Case

2 Fermions + 1

Let us consider two identical fermions (e.g. 1 and 3) of mass m interacting
with a different particle (e.g. 2) of mass mo. Let v = ;™ the mass ratio.

e Hilbert space: Lasym(Rg)

e ¢13 =0 and &1p = —&o3 = € because of antisymmetry
Energy form

DIF] = {t € L2, (R%) 1 ¢ = w + FE, w € Hagy (R%), € € HY?(R)}

asym
Flul = Folw] + 225 opg
where Fo[w] = (w, How) and

®[¢] = [ dpdy[é] = [ dp(Ppdiee[¢] + ,°[€]) is a form acting on the
“charge” €.
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Introduction Explicit Construction

Stability

Fermionic Case Bosonic Case

The following theorem has been proved [CDFMT]:

Theorem

The energy form is positive and closed if and only if & < o where a. is
the solution of the equation

Nea) = % (12@)2 L/ljé_iza—arcsin (lia)] =1

This implies that H is self-adjoint and bounded from below.
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Introduction Explicit Construction Fermionic Case Bosonic Case

Stability

The following theorem has been proved [CDFMT]:

Theorem

The energy form is positive and closed if and only if & < o where a. is
the solution of the equation

=2 (122 [ 12)] -

This implies that H is self-adjoint and bounded from below.

Remark

| \

The result is optimal. For the analogous N + 1 problem there is only a
partial result.

Giulia Basti (La Sapienza) 3-body systems with interactions TQMS 2015 9/ 15



Bosonic Case

3 Bosons

Let us now consider a system composed by three identical bosons of mass
1.

e Hilbert space: L2, (R%)

sym

o {=¢forall i,
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3 Bosons

Let us now consider a system composed by three identical bosons of mass

1.
o Hilbert space: L,,(R?)

o {=¢forall i,
Energy form:

DIF]={v e l?, (R :¢p=w+%Ewe HL, (R%), ¢ e H/?(RO)}

sym sym

Flu] = (w, How) + 2ol

where ®[¢] = [ dp®y[€] = [ dp(®pT8[¢] + ©p°[¢]) with

o & da8[¢] = 272 [ dk|¢(k, p)[?\/ 3k + £

€(k1, p)¢(k2, p)
k12+/<22+k1'k2+%2

° (DPOfF[{] = —2fdk1 dks
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Introduction Explicit Construction Fermionic Case Bosonic Case

3 Bosons
Let us now consider a system composed by three identical bosons of mass
1.

o Hilbert space: L,,(R?)

o {=¢forall i,

Energy form:
DIF]={v e l?, (R :¢p=w+%Ewe HL, (R%), ¢ e H/?(RO)}

sym sym

Flu] = (w, How) + 2ol

where ®[¢] = [ dp®y[€] = [ dp(®pT8[¢] + ©p°[¢]) with
o Op0RE[e] = 2n2 [ dklé(k, p)[2\/ 342 + &

° (Dpo‘cf[é‘] — _2f dky dko g(kla p)&(k% p)

k12+/<22+k1'k2+%2
Such a form is well known to be unbounded.
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Introduction cxplici onstruction Fermionic Case Bosonic Case

Main Result

Theorem

®[¢] is positive for

g(ka p) = Z f/m(k’ p) Ylm(97 ¢)
o
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Introduction Explicit Construction

Fermionic Case

Bosonic Case

Main Result

®[¢] is positive for

{(k,p) = Z Eim(k,P)Yim(0, ¢).

m,/
>0
)
Note:
o ®,928[¢] positive
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Fermionic Case

Bosonic Case

Main Result

®[¢] is positive for

{(k,p) = Z Eim(k,P)Yim(0, ¢).

m,/
>0

Note:
o ®,928[¢] positive
o ®,°f[¢] not definite in sign
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Introduction Explicit Construction

Fermionic Case Bosonic Case

Main Result

®[¢] is positive for

{(k,p) = Z Eim(k,P)Yim(0, ¢).

m,/
>0

Note:
o ®,928[¢] positive
o ®,°f[¢] not definite in sign
= Crucial point: ®,°f[¢] > —Td,d28[¢] with [ < 1.
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Sketch of the Proof ®,°f[¢] > —Td,d[¢] [I]:

§(k1, p)é(k2, p)

®,°¢] = -2 / dk; dko

K2+ 13+ ki ko + &
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Sketch of the Proof ®,°f[¢] > —Td,d[¢] [I]:

§(k1, p)é(ka; p)
k12+k22+k1'k2+%2

[exp. in spherical harmonics]

— 4 Y / dky / o kZEm (K1, P)KEEim( k2, P)

Im, 140
Pi(y)

®,°¢] = -2 / dk; dko

d
/,1 k12+k§+k1k2y+%2
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Sketch of the Proof ®,°M[¢] > —Id,d88[¢] [1]:

§(k1, p)é(ka; p)
k12+k22+k1'k2+%2

[exp. in spherical harmonics]

— 4 Y / dky / o kZEm (K1, P)KEEim( k2, P)

Im, 10
/ d Pi(y)
2
1 " k4 kE + kikoy + B

[terms with / odd are positive, terms with / even are decreasing in p]

> 47r2/ dkl/ dkoki&im(ky, P)K3Eim( k2, P)

Im,I7£0
| even

¢;ﬁﬂ:—2/dhdb

)

/ yk2+k2+k1k2y
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Sketch of the Proof ®,°f[¢] > —Td,d[¢] [I1]:

[dlagonallzatmn using: §,m q,p) = /dxe_'kx ¢ ,p)]
—— % [ daSsi@léa(a-p)P
Im,I#£0
| even
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Sketch of the Proof ®,°f[¢] > —Td,d[¢] [I1]:

[dlagonallzatmn using: §,m q,p) = /dxe_'kx ¢ ,p)]
= > [ daS@)igin(a.p)P
Im,I#£0
| even

[S/(q) < S(q) < A for | > 0 with A = 272 (271’ - 3\/§) + 471'23

/6
where b = / dt(12sin’t — 1), tg = arcsin(l/\/ﬁ)]
>—A ) /dq|€,,,, q,p

Im,1#£0
| even
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Sketch of the Proof ®,°f[¢] > —Td,d[¢] [I1I]:

[inverse { transform]

=—A Z /OOOdkk3|£lm(k’p)|2

Im 10
| even
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Bosonic Case

Sketch of the Proof ®,°f[¢] > —Td,diag[¢] [I11]:

[inverse { transform]

——a > [T de ek PP

Im,I#0
| even

[r= < 1 and add —]

fyr

o) 3 2
—ry 27T2/0 Kk |32+ 2k, P
Im, |0

| even
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Bosonic Case

Sketch of the Proof ®,°f[¢] > —Td,diag[¢] [I11]:

[inverse { transform]

——a > [T de ek PP

Im,I#0
| even

[r= < 1 and add —]

fyr

o) 3 2
—ry 27T2/0 Kk |32+ 2k, P
Im, |0

| even

[add terms for [ odd ]
=—Tdp diag[g]'
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Bosonic Case

%W/W/Q%WM/
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Appendix S,(q) < A

To obtain A :

Saa) =7 [ ay(3? 1)

cosh(q arcsin %)

cos(arcsin %) cosh(g%)

So

1
5(0) =72 /71 dy(3y® — 1)M = 272 (271’ - 3\/§>
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Appendix S,(q) < A

To obtain A :

Saa) =7 [ ay(3? 1)

cosh(q arcsin %)

cos(arcsin %) cosh(g%)

So

cos(arcsin(%

55(0) = 72 /11 dy(3y? — 1)1()) = 272 (2% - 3\/§>

Thus it's enough to show S»(q) — 5»(0) < 47T2b g > 0 (even function).
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Introduction Explicit Construction Fermionic Case Bosonic Case

Appendix S,(q) < A

To obtain A :

Saa) =7 [ ay(3? 1)

cosh(q arcsin %)

cos(arcsin %) cosh(g%)

So

1 2(5,
)= / d(3 cos(arcsm(}z’)) =2n <3 3\/§>

Thus it's enough to show S»(q) — 5»(0) < 47T2b g > 0 (even function).

S5(q) — S2(0) = —n2 /_11 dy (3y2 —1) ) (1 B cosh(g arcsin g)) 42

cos(arcsin % cosh(q%)

cosh(q7%)

with [ = — 5/6 dt(12sin’t — 1) (1 _ cosh(qgt) )
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Appendix S,(q) < A

We want | < g

< _W(qg) [3 + (b — a) cosh (q%) — bcosh (q%ﬂ

where a = [;° dt[12sin?t — 1|.
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Bosonic Case

Appendix S,(q) < A

We want | < g

1 T T
< _czosh(c772r)[a+ (b—a) cosh(q2> - bcosh(qgﬂ

where a = [;° dt[12sin?t — 1|.
Introduce

glg)=a+ (%b — a) cosh (qg) — bcosh (q%)

Giulia Basti (La Sapienza)
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Bosonic Case

Appendix S,(q) < A
We want | < g

™ ™
< —m [a + (b — a) cosh (q§> — bcosh (qgﬂ
where a = [;° dt[12sin?t — 1|.
Introduce

glg)=a+ (%b — a) cosh (qg) — bcosh (q%)

b
e g(0)=¢>0
° g'(q9)=0
= g(g)>0and I <

TQMS 2015 15 / 15
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